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ON A BINOMIAL APPROXIMATION. 

ON A BINOMIAL APPROXIMATION. 

THE simple approximation for the rth root of a number which 
is nearly an exact rth power, given by Mr. Whipple last 
month, is found as a rule in Bonnycastle's Arithmetic. Perhaps 
the most elegant form is this: 

If a and b are nearly equal, then the nth root of a/b is 
approximately 

(n +l)a+(n- 1)b 
(n-1)a+(n+l)b ***.................... 

This is of course the same as 
1 

2n+(n+l)x 
(1+Xn= +(% l) x' nearly. ........... .......(2) 

For example, let a =2, b =1, n =3, then a first approximation to 
the cube root of 2 is 1'25. Making this the basis for a second, 
we have128 

2 '\12-5/ 

and applying the rule to 128/125 we get at once the approxi- 
mation 635/504 or 1'2599206..., which is correct to 6 decimal 
places. 

By ordinary expansion of both sides in (2), we find the 
difference to be x3(ni2-1)/12n3. In our second case x=3/125, 
n= 3, and the error is nearly -00000042. 

It can be proved by a fairly long induction, or otherwise, that. 
this result is a particular case of the more general theorem 

(l+x)f={l+(n+r)r (n+r) (+r-1) r - (r-l)2+ } ( + )n { + 2? + 2r(2r-1)1. 2 2+ *. 

2r x+ 2r(2r-1)1.2 ' 

where the factor r-r in the two (r+2)th terms causes evan- 
escence of the numerators until at the (2r+2)th term the 
denominators also have the vanishing factor (2r-2r) and the 
terms are restored. 

This is an exact theorem of which a mere general case will be 
found in his Methodus nova integralium valores per approxi- 
mationem inveniendi, ?? 40-42. 

This note appeared, in substance, in the Proceedings of the 
Edinburgh Mathematical Society, vol. x., p. 23. 

J. E. A. STEGGALL. 
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